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Abstract 
Specific site-occupation determinations of rare-earth 
(RE) additions in thin-film garnets of nominal com- 
position Yi.7Sm0.6Luo.7Fe5012 based on the orienta- 
tion dependence of electron-induced characteristic 
X-ray emissions are described. The application of this 
technique called 'channelling-enhanced microaaaly- 
sis' to a general non-layered crystal structure requires 
a theoretical prediction of the characteristic X-ray 
production as a function of incident-beam orientation 
because the specific-site-sensitive orientations cannot 
be determined by inspection of the crystal structure. 
Hence, a real-space formulation considering flux loss 
from the incident beam and under the assumption of 
highly localized inner-shell excitations has been 
described for the characteristic X-ray production in 
thin crystals. Applying this theory, a g = 121 system- 
atic orientation was predicted to be the orientation 
that is specific-site sensitive for these thin-film garnets. 
Experimentally observed data were then refined, 
using a constrained least-squares analysis to give 
probabilities for the occupation of RE additions in 
the different crystallographic sites. Thus, it has been 
shown that in these compounds, L u  3+ and S m  3+ addi- 
tions prefer octahedral occupation with a probability 
->95%. Assumptions, limitations and future poten- 
tials of this novel crystallographic technique are also 
discussed. 

I. Introduction 
The anomalous transmission of X-rays, incident on 
a single crystal oriented close to the Bragg position, 
was first observed by Borrman (1941) and later inter- 
preted by von Laue (1949) in terms of the standing- 
wave patterns set up in the crystal by the incident 
X-ray beam as it propagates along specific crystal 
directions. It was argued that the intensity modulation 
of the primary beam within the crystal is such that it 
is a maximum on the crystallographic sites for certain 
incident-beam orientations. For these orientations an 
accompanied increase in anomalous absorption and 
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an enhancement of the secondary emissions arising 
from highly localized scattering events will result. For 
other orientations, the intensities are a minimum on 
these crystallographic sites with a concomitant reduc- 
tion in absorption and emission products. Similar 
anomalous transmission effects of the primary beam 
have been observed in electron diffraction patterns 
(Honjo, 1953; Honjo & Mihama, 1954) and also 
used in the interpretation of electron micrographs 
(Hashimoto, Howie & Whelan, 1960, 1962). 

The primary absorption process for X-rays is the 
photoelectric effect. The inelastic-scattering processes 
that lead to the attenuation of an electron beam in 
single crystals are quite different and a proper under- 
standing of the same would involve a more detailed 
theory and some calculations (Heidenreich, 1962; 
Humphreys & Hirsch, 1968; Radi, 1970). Even though 
the related process of inner-shell ionization does not 
lead to any significant attenuation in electron diffrac- 
tion, the resultant electron-induced characteristic X- 
ray emissions are convenient, as they can be used to 
monitor these attenuations. Hirsch, Howie & Whelan 
(1962) suggested that these electron-induced charac- 
teristic X-ray emissions might also be dependent on 
the orientation of the incident beam with respect to 
the crystal, i.e. the 'Borrman effect' might apply for 
the emission product. This was indeed observed by 
Duncumb (1962). However, the first experimental 
observation of the orientation dependence of the 
emission product was made by Knowles (1956) who 
used an incident neutron beam to excite X-ray 
emissions. The electron-induced characteristic X-ray 
emissions were further investigated by Hall (1966) 
who confirmed that the 'Borrman effect' was only of 
importance for thin crystals (t-<2000 A). Finally, 
Cherns, Howie & Jacobs (1973) have developed a 
theoretical formalism to describe this phenomenon 
and have discussed its ramification on conventional 
X-ray microanalysis in great detail. 

Cowley (1964) made the first suggestion that it 
should be possible to derive structural information 
from measurements of X-ray fluorescence radiation 
given by atoms within a diffracting crystal. The posi- 
tions of solute atoms in a crystalline lattice were 
experimentally detcrmined by the nature of their 
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X-ray fluorescence during a diffraction process by 
Batterman (1969). The structural information in 
diffuse inelastic scattering of electrons has been 
examined theoretically by Gj0nnes & H0ier (1971). 
More recently, an experimental technique for locating 
atom positions called 'atom location by channelling- 
enhanced microanalysis (ALCHEMI) '  has been 
developed by Spence & Taft0 (1983) and applied to 
a number of simple and ideal crystal structures (Taft0, 
1982; Taft0 & Lilienthal, 1982; Taft0 & Spence, 
1982a, b). A theoretical generalization of the tech- 
nique of ALCHEMI has been derived (Krishnan & 
Thomas, 1984) and the application of this generalized 
formulation has been demonstrated (Krishnan, 
Rabenberg, Mishra & Thomas, 1984). However, 
applications of this technique to site-occupancy 
studies in complicated crystal structures require an 
alternative formulation and approach (Krishnan, 
Rez, Mishra & Thomas, 1983). This is the subject that 
is addressed in this paper. 

2. The technique: physical description 

The characteristic X-ray spectrum produced by the 
interaction of fast electrons with a crystalline speci- 
men shows significant variation with the orientation 
of the incident beam. This is best illustrated in Fig. 
1. One usually uses a fixed electron source, a fixed 
detector whose position with respect to the specimen 
is specified by the take-off angle (~) and a thin-foil 
specimen, whose orientation (0) can be changed pre- 
cisely by the use of a goniometer, such that the 
orientation of the incident beam with respect to the 
specimen is well determined (Fig. la) .  One observes 
that the characteristic X-ray spectra change with 
incident-beam orientations; there is a change in the 
intensities of individual peaks but the peak positions 
themselves do not change as they correspond to fixed 
atomic transitions. Hence, under certain favourable 
orientations, the spectra arising from beams chan- 
nelled between specific planes when compared with 
those arising from beams blocked by the same set of 
planes can be used to obtain a chemical microanalysis 
of those planes This is termed channelling-enhanced 
microanalysis (CEM). 

However, it has already been shown that for certain 
systematic or 'planar channelling' conditions, the 
characteristic X-ray emissions induced by the chan- 
nelling or blocking of the incident electrons can 
provide information on the occupancy of specific 
crystallographic sites by different elements, provided 
that an a p r i o r i  knowledge of the distribution of some 
reference elements in the host lattice is available 
(Taft0, 1979; Spence & Taft0, 1983). In this formula- 
tion either the enumeration of parameters such as 
absorption coefficients, specimen thickness, etc .  or an 
a p r i o r i  knowledge of the dynamical wavefunction in 
the crystal is eliminated by a judicious choice of the 

reference elements. The distribution of the impurity 
or alloying elements is then determined by an elegant 
method of ratios of their characteristic X-ray 
intensities with respect to those of the reference ele- 
ments (Spence & Taft0, 1983). This is particularly 
applicable to crystals with a layered structure ( i .e .  
crystals that in some crystallographic projections can 
be resolved into alternating layers of parallel non- 
identical planes [A, B, A, B , . . . ] ,  each plane contain- 
ing one or more specific crystallographic site) where 
the appropriate systematic orientation can be deter- 
mined by mere inspection (Figs. 2a and 2b). For 
example, the spinel-structure compounds can be 
resolved in the [001] projection into alternating 
planes of tetrahedral and octahedral sites and hence 
a g = 400 systematic orientation can be easily seen to 
be appropriate for this kind of experiment. In many 
practical a l loys/compounds it might not be possible 
to choose reference elements that are uniquely dis- 
tributed on one and only one of the two alternating 
crystallographic planes (Fig. 2b). Further, the alloy- 
ing concentrations might be large enough to alter the 
distributions of the constituent elements in the 
original compound,  thereby invalidating the practice 
of using the original compounds as internal reference 
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Fig. 1. Physical principles of channelling-enhanced microanalysis. 

(a) The experimental arrangement. (b) The projected crystal 
structure with the standing-wave pattern of the primary beam 
set up as a result of the dynamical scattering. For a systematic 
orientation the wavefield is two-dimensional (i.e. constant in a 
direction normal to the page). The modulation of the standing 
wave on specific crystallographic planes is then a function of 
the incident-beam orientation. (c) The characteristic X-ray 
emissions are a function of these modulations of the primary 
beam. For the favourable orientation the Bloch waves are maxim- 
ized on the A planes with a concomitant increase for the elements 
occupying the site A. For the other favourable orientation, the 
maximization is on the B planes with a corresponding increase 
for the elements occupying the sites O. By monitoring these 
orientation-dependent emission products and resorting to the 
analyses to be developed in this paper, specific site occupations 
can be quantitatively determined. 



398 SITE-OCCUPANCY REFINEMENTS IN THIN-FILM OXIDES 

standards. In such cases a more comprehensive analy- 
sis incorporating the stoichiometry of the original 
compound is required (Krishnan & Thomas, 1984; 
Krishnan, Rabenberg, Mishra & Thomas, 1984). 

If the crystal structure is not a layered one (Fig. 
2c), then it is not obvious by mere inspection which 
systematic orientation is specific-site sensitive. In such 
cases, the electron-induced characteristic X-ray 
emission intensities for different site occupations and 
different incident-beam directions have to be calcu- 
lated. From these calculations the appropriate sys- 
tematic or planar channelling condition applicable to 
that particular crystal structure is determined and the 
experiment performed. 

3. Theory of electron-induced characteristic 
X-ray emissions 

Ionizations of inner-shell electrons alter the 
imaginary part of the crystal potential and this could 
be calculated from the relevant wavefunctions 
(Whelan, 1965a). The incorporation of an imaginary 
crystal potential iP(r) in the SchrSdinger equation 
has been shown by Heidenreich (1962) to lead to a 
rate of electron loss per unit volume at the point r 
proportional to P(r)l~(r)l 2. When an imaginary 
potential is introduced, the SchrSdinger equation is 
written as 

V2~p +-~-  (E + V+iP)~p=O (1) 

and following Heidenreich (1962) it can be shown 
that the rate of 'absorption' of electrons in a volume 
V is given by 

m I I ~-~ V.Sd3r=-~-7  e(r)l~(r)2d3r. (2) 

This could equal the rate of X-ray production if and 
only if P(r) is chosen appropriately. 

Since the absolute magnitude of the effect is unim- 
portant for our purposes, we have assumed this 
imaginary part of the crystal potential to be a delta 

(a) (b) (c) 
Fig. 2. Hypothetical two-dimensional figures illustrating the 

classification of crystal structures in this work. I-q, O refer to the 
crystallographic sites of interest. The distribution of the site 
determines whether the crystal structure is layered [(a) and (b)] 
or not [(c)]. a, b are the reference elements. If their distributions 
are known apriori, the simple ratio technique [(a)] or a generaliz- 
ation of the same [(b)] should be used. If not [(c)] the charac- 
teristic X-ray emissions have to be calculated and refined using 
a least-squares refinement to determine site occupancies. 

function at the mean atomic positions, i.e. a highly 
localized scattering process. 

Therefore, the rate of characteristic X-ray produc- 
tion for the element 'Z '  given by [equation (2)] 

N z = ~  P(r)l~(e)l 2 d3r, (3) 

where the integral extends over the volume of the 
crystal, can be reduced under the above approxima- 
tion to 

;Or Nz = ~., ~*~ dz. (4) 
RS~ 

Here ~0 is the scattered wave amplitude at any depth 
z expressed as a linear combination of Bloch waves, 
for the case of an incident plane wave, in the 
conventional dynamical-theory formulation and the 
summation is over the relevant crystallographic sites 
of interest (RSI) where the particular element Z is 
distributed in the unit cell. 

In the conventional dynamical-theory formulation 
of electron diffraction in thin crystals (Hirsch, Howie, 
Nicholson, Pashley & Whelan, 1965), one can express 
the wavefunction ~(r) as a linear combination of 
Bloch waves, i.e. 

~o(r) = ~  qfiy. CJh exp [ i (kJ+h) . r ] ,  
j h 

where CJh are the Bloch-wave coefficients and k j are 
the components of the wavevector for the electrons. 
In the general case q / =  C~* and hence for a crystal 
of thickness t one obtains 

fo ~ ~*~ dz = ~--' exp [ i (h-fg) .~]  
g,h 

X E [ ' j  t " J*  r ,  1, r-~ • ~o,-.g '-.o '-.~+Y'. ,--o,-.c'J"J*rt*g '-.o Clh 
j = l  j ~ l  

exp [i(~,l- k J ) t ] -  1 
x i (~t_~j)  (5) 

However, for centrosymmetric crystals (like the spinel 
and garnet structures dealt with in this paper) the 
Bloch-wave elements cJh and the excitation ampli- 
tudes q / can  be taken as real. Further, the eigenvalues 
M are always real in the absence of absorption. There- 
fore, for a centrosymmetric crystal of unit thickness 
one can write an expression for characteristic X-ray 
emission [neglecting absorption - see Cherns et al. 
(1973) for a treatment including absorption] as 

N z =  Y'. ~-'. e x p t i ( h - g ) . r ] Y ' ~  ,-.or"J*r"J*,-~g CoCh' ' 
RSI g,h j = l 

+ ~-, CJo, CJg, C~oC~ h sin [ ( M - k ' ) t ]  
j . t  [ ( M - k ' ) t ]  " (6) 

This expression for the characteristic X-ray produc- 
tion is composed of two parts: a thickness-indepen- 
dent term of individual Bloch-wave contributions and 
a thickness-dependent term of Bloch-wave inter- 
ference contributions. 
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This real-space formulation derived by considering 
the flux loss from the initial beam is consistent with 
the reciprocal-space formulation of Howie (1963) 
which was derived by applying first-order perturba- 
tion theory to the inelastically scattered state, i.e. the 
imaginary part of the crystal potential in Yoshioka's 
(1957) formulation was considered to be small. The 
crucial step in the argument is that for highly localized 
inner-shell excitations where the inelastic potential is 
well approximated by a delta function a(r), the 
Fourier transform Pgh is a constant and does not 
appear explicitly in equations (5) and (6). 

A more complete description of ionization events 
in crystals including (e, 2e) scattering kinematics has 
recently been published (Maslen & Rossouw, 1983). 
However, it should be pointed out that no general 
treatment of inelastic scattering is attempted in this 
paper. We have aimed at generating only that much 
theory that would be required for data refinement. 
The assumption of a-function localization (and in 
the absence of proper cross-sections or oscillator 
strengths, there is not much else that can be done) is 
far more serious than whether one resorts to the 
Maslen & Rossouw (1983) treatment or the conven- 
tional Kainuma (1955) type theory. 

4. Results of the characteristic X-ray production 
calculations at 100 kV 

Here, the results of the calculation of the orientation 
dependence of electron-induced characteristic X-ray 
production at an accelerating voltage of 100 kV are 
presented for two compounds: MgA1204 (spinel) and 
the prototype garnet compound Y3FesO]2 . 

The normal spinel structure is a layered one, for it 
can be resolved in the [ 100] projection into alternating 
(400) planes of octahedrally coordinated AI atoms 
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Fig. 3. A [100] projection in perspective of the spinel structure. 
2 x 2 x 2 unit cells are shown. Squares represent Mg and triangles 
represent AI. Notice that the structure is layered, i.e. in this 
projection it can be resolved into alternating [004] planes con- 
taining either Mg (tetrahedrally coordinated) or AI (octahedrally 
coordinated) ions. (Courtesy of P. Stadelman.) 

with tetrahedrally coordinated Mg atoms distributed 
mid-way between them (Fig. 3). Hence, the X-ray 
intensities for Mg and AI in a normal spinel were 
calculated for a 15-beam ( -7g  to +7g), g = 400 sys- 
tematic excitation condition and over a range of 
incident-beam orientations. The orientation of the 
incident beam was specified by varying the values of 
the excitation error kx/g which is defined such that 
k~/g = 0.5 for the exact first-order Bragg diffraction 
condition. Fig. 4 shows the results of the calculations. 
It can be seen that the standing wave is localized on 
the tetrahedrally coordinated Mg atoms for positive 
excitation errors (k~/g > 0.5) and on the octahedrally 
coordinated AI atoms for negative excitation errors 
( ~ / g  < 0.5) of the first-order Bragg diffraction condi- 
tion with a correspondingly enhanced characteristic 
X-ray production. 

This predicted orientation dependence of the 
characteristic X-ray emissions is in good agreement 
with the experimental results of Taft¢ & Spence 
(1982a) for spinels. This served as a verification for 
the validity of the theoretical formulation. 

The garnet structure with an average chemical for- 
mula of A2+[B~+](Fe3)OI2 is very much more compli- 
cated. It belongs to the space group 141/a32/d (01,, °) 
with a typically large lattice parameter (ao = 12.376 + 
0.004 A). It is not possible by mere inspection of the 
crystal structure (Fig. 5) either to say whether it is 
layered or to identify crystallographic planes where 
a particular site is predominant. All that can be infer- 
red from a close inspection of a series of projections 
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Fig. 4. Results of  the orientation-dependent X-ray emissions for 
spinels. A 15-beam, p, = 004 systematic excitation condition ( -7g  
to +7g) and a specimen thickness of 100 A were the conditions 
used. Note that there is an enhanced emission of the octahedrally 
coordinated A1 for negative excitation error (s < 0) of  the first- 
order Bragg diffraction condition. The orientation dependence 
of the tetrahedrally coordinated Mg is reversed, i.e. an enhance- 
ment for positive excitation error (s > 0) of the first-order Bragg 
reflection. 
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of this crystal structure generated by Bennema & 
Geiss (1981) using the ORTEP (Johnson, 1965) com- 
puter-graphics program is that it is possible in the 
[100] projection to isolate the octahedral [a] sites 
from the others for in this projection the (008) planes 
are alternately endowed with these octahedral [a] 
sites. 

Therefore, X-ray emission intensities were calcu- 
lated for complete occupation of all rare-earth ele- 
ments in any one of the three crystallographic sites 
of the prototype compound YIG for different system- 
atic excitation conditions (i.e. g = 002, g = 9-20, g = 121 
etc.) to determine an orientation with specific-site- 
sensitive characteristic X-ray emissions. Throughout 
the calculations it was assumed that Sm and Lu scatter 
elastically with the same strength. These l 1-beam 
calculations, for systematic excitation conditions 
( -5g  to +5g) were performed for a range of crystal 
thicknesses (250-2000 A) and for a range of incident- 
beam orientations (0< k~/g < 2). The X-ray produc- 
tion was found to be insensitive to crystallographic 
orientations, irrespective of the site occupation, for 
excitations of the g=002 and g=220 systematic 
diffraction conditions. On the other hand, a strong 
orientation dependence for the g=  19-1 systematic 
excitation condition was predicted at the exact first- 
order Bragg diffraction conditions (k, , /g=0-5) and 
for negative and positive excitation errors (Fig. 6), 
i.e. channelling for dodecahedral site substitutions of 
the rare-earth additions, blocking for tetrahedral sub- 
stitutions and an insensitivity to orientation for 
octahedral substitutions. 

5. E x p e r i m e n t a l  deta i l s  

5.1. Specimen preparation 

Samples of nominal melt composition 
Y1.7Smo.6Luo.7FesOl2, 0.94 txm thick, grown on GGG 
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Fig. 5. Arrangements of the cations in the garnet structure. Only 
half the unit cell (4 formula units or 80 atoms) is shown. The 
oxygen ions have been removed for clarity. Note that the octahe- 
dral [a] sites form a repeating body-centred cubic structure with 
a lattice parameter a6 = ao/2. [After Geller & Gilleo (1957).] 

substrates by liquid-phase epitaxy, at a growth tem- 
perature of 1242K and a growth rate of 
1.76 I~m min -~, were studied. Details of the prepar- 
ation of these samples (liquid-phase epitaxial 
growth), which were supplied by Bell Laboratories, 
are given elsewhere (Mathews, 1975). 

Thin foils of these samples for observation in a 
transmission electron microscope (TEM) equipped 
with an energy-dispersive X-ray (EDX) detector were 
prepared by the routine ion-milling technique. 
However, some minor changes in the case of these 
LPE-grown thin films were introduced. Ultrasonically 
cut disks of 3 mm diameter were mechanically 
thinned to a thickness of 35-50 txm (determined by 
optical microscopy) and then milled with argon ions 
from the side of the substrate only. An acceleration 
voltage of 6-8 kV, a specimen current of approxi- 
mately 20 IxA and an incidence angle of 18 ° were the 
normal milling conditions. This gave a very thin elec- 
tron-transparent region of the film. However, some 
surface pitting and damage were observed at this stage 
and were eliminated by cleaning the specimen in an 
ion-milling machine using Ne (a lower-atomic-weight 
inert gas) ions at reduced acceleration voltages. In 
fact, this problem could altogether be avoided by 
using the latter as the milling medium, even though 
this is a considerably slower and time-consuming 
process. 
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Fig. 6. Calculated orientation dependence of the characteristic 
X-ray emissions of the garnet structure. An l 1-beam (-5g to 
+5g), g= 1]1 systematic excitation condition and two thick- 
nesses (250 and 500A) were the conditions used. For these 
conditions, it can be seen that the emission product is site 
sensitive, Le. channelling for tetrahedral-site substitutions, block- 
ing for dodecahedral-site substitutions and an indifference to 
orientation (notice change in the scale for intensity) for octahe- 
dral-site substitutions of the rare-earth element. Similar calcula- 
tions were made for systematic excitations of other ~, vectors but 
were found to be such that the emission product is insensitive 
to either occupations or incident-beam orientations. 
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The garnet films grown on the substrates are subjec- 
ted to residual strains because of the slight mismatch 
of the cooling rates between the film and substrate. 
On ion milling, the lack of the substrate support 
caused many of the films to buckle rendering them 
useless for TEM observations. This persistent limita- 
tion of the specimen-preparation technique could not 
be avoided by any systematic procedure, but could 
only be circumvented by preparing a large number 
of specimens. 

Table 1. Integrated elemental intensities 

kx/g 0 0.375 0.5 0.875 1-0 1.125 

LuLa  5 7 0 6 1  51324 61452 50142 6 0 0 6 1  59541 
Sm La 35839 3 2 7 6 1  39785 3 2 0 7 3  38277 37546 

Table 2. Scaling factors 

kx/g 0 0.375 0.5 0"875 1.0 1.125 

Total counts 1606095 1475254 1788690 1429993 1753256 1688060 
Scaling factor 1.1231 1.0317 1.2508 1.0000 1-2261 1.1805 

5.2. Analytical and transmission electron microscopy 

Experiments were performed on a Philips 400ST 
analytical transmission electron microscope fitted 
with a LaB6 filament and an EDAX energy-dispersive 
analyser. The detector configuration was such that 
the maximum X-ray collection was achieved for a 
take-off angle of 20 ° (a specimen tilt of 10 ° towards 
the detector). A low-background double-tilt specimen 
holder to reduce X-ray background was used in all 
experiments. Stray X-ray generation was further 
minimized by using gridless self-supporting speci- 
mens. It is true that in general a self-supporting speci- 
men might give more spurious effects than a small 
amount of material on a grid, though this is not the 
case if the self-supporting specimen is thin throughout 
its area. The discussion of this subject is very subjec- 
tive as there are no good results on spuriosities from 
scattering after specimens in an analytical trans- 
mission electron microscope. Moreover, the nature 
of the specimens and the accompanying problems of 
buckling described earlier leave one with no other 
option but to use this method. The specimen thick- 
nesses were estimated by convergent-beam electron 
diffraction (CBED) to be approximately 50 nm. The 
incident-beam divergence was a few milliradians and 
the probe diameter was 50-100 nm. The latter is deter- 
mined by the level of contamination. The characteris- 
tic X-ray emissions were collected at different orienta- 
tions of the collimated electron beam based on the 
calculations described earlier. A strong g =  19-1 sys- 
tematic row was excited and spectra were collected 
at six different orientations of the incident electron 
beam: 

(1) systematic orientation; kx/g = 0; 
(2) first-order Bragg diffraction with small negative 

excitation error (s < 0); k~/g-~0.375; 
(3) exact first-order Bragg diffraction; kx/g = 0.5; 
(4) small negative deviation from the second-order 

Bragg diffraction; kx/g ~- 0.875; 
(5) exact second-order Bragg diffraction; k~/g = 1.0; 
(6) second-order Bragg diffraction with small posi- 

tive deviation parameter; kx/g = 1.125. 

The specimens were oriented in all experiments 
using either convergent-beam electron diffraction or 
the Kikuchi-line method. 

Table 3. Normalized integrated elemental intensities 

The s t andard  devia t ions  o f  these observa t ions  are 0.5 and  0 .60% 
for  Lu La and  Sm La respectively.  

kx/g 0 0.375 0.5 0.875 1.0 1.125 

Lu La 50807 49747 49130 50142 48985 50437 
Sm La 31911 31754 31808 32073 31218 31805 

In order to ensure proper statistics, spectra were 
collected (at the appropriate orientations) for a total 
counting time of 600s and a counting rate of 
-3000 counts s -1. A hole count was taken at periodic 
intervals and subtracted along with the continuous 
background from the spectra. 

6. Experimental results 

The integrated intensities for the two rare-earth addi- 
tions of interest, Sm and Lu, after subtraction of the 
continuous background, at the orientations men- 
tioned earlier are shown in Table 1. Because of the 
large counting time (600 s) and the susceptibility of 
the specimen to damage and contamination, the 
spectra were collected at a different specimen samp- 
ling area for each orientation of the incident electron 
beam (specimen tilt). Care was taken to ensure that 
the specimen thickness was not significantly different 
for the different acquisitions. However, small 
differences in counting rates or changes due to the 
small displacements of the probe had to be incorpor- 
ated in the analysis. This was done by scaling the 
integrated elemental intensities (Table 1) using scal- 
ing factors that are actually normalized ratios of the 
total integrated intensities of the whole spectra (Table 
2). This gave the normalized integrated elemental 
intensities for the two rare-earth additions (Table 3). 
The standard deviations (x/-N) of the observations 
are - 0 . 5  and ---0.60% for Lu La and Sm La respec- 
tively. 

The data are statistically significant and their vari- 
ations over incident-beam orientations (a variation 
of approximately eight times the standard deviation 
for Lu and a variation of five times the standard 
deviation for Sm) are significantly greater than the 
errors (0.02%) in the computed values. From a cur- 
sory inspection of the normalized experimental data 
(Table 3) and a comparison with the results of the 
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calculations (Fig. 6) two of the following provisional 
conclusions can be made: (a) the rare-earth additions 
of Sm and Lu predominantly occupy the octahedral 
sites or (b) they are uniformly and evenly distributed 
between the  tetrahedral and dodecahedral sites. In 
order to overcome the difficulty of interpreting the 
X-ray intensities in terms of specific-site occupations 
(case a or b) we have resorted to further data 
refinement. Hence the probabilities of different site 
occupations were determined by a least-squares 
refinement based on the algorithm of constrained 
least squares by Lawson & Hanson (1974). 

7. Analysis 

7.1. Least-squares refinement 

The integrated elemental intensity was calculated 
as a summation over all sites of the product of the 
theoretical value for complete occupation of each site 
and a weight factor representing the probability of 
occupation of that specific site. Mathematically this 
is expressed as 

I z= Kn E BZ(Th a)P z, (7) 
ot 

where 

B z(rl, t~): calculated integrated intensity for the 
element Z at the specific orientation r/ and the 
complete occupation of the specific site a. 

pZ: weight of occupation of site a by the element Z 
to be determined by the refinement. However, the 
refinement is subject to the constraint pZ-> 0, for 
every c~ and Z. 

K,7: scaling factor for the particular orientation r/. 
IZ: theoretical estimate of the experimentally 

observed integrated intensity of element Z for the 
specific orientation r/. 

Then an error term was defined as the difference 
between the experimentally observed intensity and 
the theoretical estimate obtained above. For each 
element of interest, i.e. Sm and Lu, the least-squares 
problem with inequality constraints can be stated as 
the minimization of a summation over all orientations 
of the square of this error term, subject to the con- 
straint that all the weights are positive. That is, 
minimize 

subject to 

~z  = ~ \ Kn K,7 

pZ_> 0 for every a and Z. 

(8) 

Here XZ/K~ are the experimentally observed 
integrated intensities scaled as described earlier for 
element Z and orientation 19. 

Table 4. Relative weights for the site occupancy of the 
rare-earth additions 

R N O R M  

O c t a h e d r a l  T e t r a h e d r a l  D o d e c a h e d r a l  II M P - V n 

Lu 0.2141 :t: 0 .02 0 . 0 0 4 9 + 0 . 0 0 5  7.778 x 10 -4  
S m  0.1679 ± 0 .0164 0.0095 ± 0.0007 4 .006  × 10 -3 

Introducing the differential operator 8 we obtain 
the following condition for the minimum: 

8 ( ~ z )  = 0  (9) 

which gives the following matrix equations 

MZP z = V  z (10) 

with their components given by 

vZ=~,xzBz(rh  a) (11) 
77 

and 

Hence 

Z M~,~=E BZ(~7, a)BZ(rh fl). (12) 

PZ = (MZ)- 'vZ. (13) 

Applying this least-squares analysis to the data in 
Table 3 for the observed characteristic X-ray 
intensities and refining it with respect to the intensities 
calculated using the theory developed earlier, the 
weights of the occupation for each of the two rare- 
earth additions were obtained (Table 4). 

Within the limitations of the assumptions of the 
technique, it can be inferred that the substitution of 
these rare-earth additions in the octahedral sites of 
this crystal structure is highly probable, with a proba- 
bility ->95%. These results are in good agreement 
with earlier studies (Suchow & Kakta, 1972; Blank, 
Nielsen & Biolsi, 1976), particularly for the distribu- 
tion of the small rare-earth ion Lu 3+, which can easily 
be accommodated in the smaller octahedral site. 

7.2. Error analysis 

Let the error in the observed spectra be AX, 7 = 3o" = 
3v/-~ where o" is the standard deviation of the experi- 
mental observation. The errors in this analysis were 
calculated in quadrature. Hence, the components of 
the right array V z in the matrix equation 

MZP z =V z (14) 

would be given by 
X z = [X B 
77 

±x/~ 3 AXZ[BZ(~, a)]  2. (15) 

The errors in the weights of occupation of the different 
crystallographic sites for the two rare-earth additions 
were then determined by carrying out the least- 



KANNAN M. KRISHNAN, PETER REZ AND GARETH THOMAS 403 

squares analysis for the upper and lower bounds of 
the values of X z, i.e. X ,  7z+ Ax,TZ and X,  7z _ AX z 
respectively. 

Finally, the credibility of the least-squares refine- 
ment was established by determining the norm, i.e. 
R=IIMP-V}[ (RNORM in Table 4) and ensuring 
that this was less than some acceptable value (<- 10-2). 

Table 5. Calculated expectation values of the impact 
parameter (1 eV--- 1.602 x 10 -19 J) 

Emission Ec (keV) (b) (nm) 

Al Ka  1"486 0.0231 
Mg Ka 1-253 0.0274 
Fe Ka 7.019 0.0049 
Sm Lt~ 6.656 0.0068 
Lu La 9.281 0.0037 

8. Discussion 

The single most important assumption in this formu- 
lation is that the associated inner-shell excitations are 
highly localized (to the point of being approximated 
by delta functions at the mean atomic pos.itions) when 
compared with thermal vibrations. This assumption 
has been made in light of the following arguments. 

Gjc~nnes & Hcfier (1971) have estimated the 'radius' 
of ls orbitals to be approximately 0.02 ~ using elec- 
tronic band structure calculations, i.e. 'the probability 
density for the 1 s electron in a medium or heavy atom 
is so narrow that any distribution associated with the 
K-shell will also be narrow'. Bourdillon, Self & 
Stobbs (1981) have used an alternative approach, 
estimating the time r over which a virtual photon is 
exchanged between a fast electron and the excited 
particle and converting that (following Howie, 1979), 
using the uncertainty principle, to give an expression 
for the limiting value of the impact parameter, b. 
Using a number of radically simplifying arguments 
they have shown that an expectation value for the 
impact parameter can be computed as 

(b)= 1.24hv/4.46Ec, (16) 

where Ec is the initial energy for the onset of the 
transition. The values of the impact parameter, calcu- 
lated using the above expression for the values of the 
energy loss relevant to the characteristic X-ray 
emission for the elements of interest, are shown in 
Table 5. 

Alternatively, assuming that Pg, h is a constant 
implies that the momentum transfer q of the incident 
electron is such that q >> g, h. The minimum momen- 
tum transfer required for the onset of the transition 
is given by the expression qmin---- kAE/2T, where k is 
the wavevector, dE  is the appropriate energy loss 
and T is the kinetic energy of the incident electron. 
Using this expression, for Sm and Lu, L-shell excita- 
tions, it can be shown that qmin is 5"65 and 7.88 A, -1 
respectively, which is much larger than g (0.196 A-l) .  
Finally, this discussion of localization can be made 
in either real space or reciprocal space. We have 
resorted to the real-space approach in this paper and 
in this formulation the voltage dependence of the 
impact parameter (b) comes in through v in equation 
(16). 

These arguments suggest that the assumption of 
strong localization is indeed a reasonable one. 

A source of inelastic scattering not included in the 
theory is phonon scattering. This highly localized 
scattering event with significant contributions to 
anomalous absorption has been treated by a number 
of different authors (Takagi, 1958a, b; Whetan, 
1965b; Hall & Hirsch, 1965). The simplest treatment 
is to calculate Bragg scattering by modifying the scat- 
feting factors as f (g)  exp [ - a ( g ) ]  where a(g) is the 
accepted Debye-Waller factor. These thermal vibra- 
tions could be incorporated (Cherns, Howie & 
Jacobs, 1973; Ohtsuki, 1966) by considering that the 
region of X-ray production is approximated by a delta 
function broadened by thermal vibrations such that 
the imaginary part of the crystal potential P(r) has 
Fourier components Pg given by 

Pg = Po exp (-ag2). (17) 

Again this would be valid only because the localiz- 
ation for inner-shell excitations is much smaller than 
the thermal-vibration amplitudes. The modified 
expression for characteristic X-ray emissions would 
then be 

Nz=.f [¢(r)12~Pgexp(ig.r)d3r, (18) 
g 

where as in equation (3) the integral would be over 
the volume of the crystal. 

However, Cherns, Howie & Jacobs (1973) have 
shown that the reduction of the orientation-depen- 
dent characteristic X-ray emission due to the thermal 
vibrations is not significant for temperature rises up 
to 200 K when compared with reductions due to the 
angular spread. 

From the experimental point of view, .one of the 
significant advantages of the use of the orientation 
dependence of electron-induced characteristic X-ray 
emissions in specific-site-occupation studies over 
other accepted techniques, particularly in the studies 
of magnetic materials, is that this technique could be 
potentially applied to study local areas of the speci- 
men; a spatial resolution of 50-100nm is quite 
routine. This requires the use of a convergent electron 
probe. The theory developed here is strictly valid for 
parallel illumination only. If we want to be rigorous 
in applying this theory to cases where convergent 
probes of the order of a few hundred fingstr/Sms are 
used, then it should be suitably modified. This should 
pose no difficulties and involves resorting to the 
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accepted method (Duval, Duval & Henry, 1974; 
Duval & Henry, 1974) of averaging over a whole 
range of incident angles. Finally, by performing con- 
ventional bright-field and dark-field imaging, it was 
ensured that the specimens were defect-free. 

Within the confines of the above assumptions and 
the limitations to be described, the technique 
developed here is capable of resolving adjacent ele- 
ments in the Periodic Table and is restricted in spatial 
resolution to 50 nm. Further, trace-elemental compo- 
sitions (0.2-0.3 wt% ) can be routinely analysed. With 
some care, distributions of elements in specific crys- 
tallographic sites for levels of doping equivalent to 
102°atoms cm -3, can be determined. The smallest 
error in the fraction of the total concentration occupy- 
ing a particular site is a compounded one consisting 
of the inherent approximations of the theoretical for- 
mulation, the statistical error in experimentation and 
the computational error in least-squares refinements. 
Hence, the smallest error achievable is estimated to 
be +5%. 

The technique that has been described is subject 
to all the limitations of conventional energy-disper- 
sive X-ray microanalysis and hence is limited to the 
analysis of elements with atomic number Z_> 11, 
unless windowless or ultra-thin window detectors are 
employed. 

As these techniques pre-suppose dynamical scatter- 
ing, it is recommended that the sample be of sufficient 
thickness (t = n~g, where n--1).  However, this is an 
upper limit of t < 2 0 0 0 ~ ,  corresponding to the 
attenuation distance of the poorly transmitted Bloch 
waves. At distances greater than this, the electrons 
are diffusely scattered through small angles and 
effectively behave as plane waves in producing further 
X-rays. For very thin specimens the technique of 
high-resolution microscopy (HREM) might be 
applied as a complementary method. Here the 
differences in scattering factors between the host and 
substitutional species might be sufficient to resolve 
site occupancies .  

It could be argued that absorption could be a 
significant source of error. Generally speaking, we 
feel that absorption is negligible. Further, its effects 
would be monotonic with small tilts and cari be 
neglected as the specimen is tilted only through a 
range of 1-2 ° . It must also be emphasized that all 
spectra were normalized using ratios of the total 
integrated intensities of the whole spectra. This would 
eliminate many of the discrepancies that might arise 
from factors like small changes in thickness, probe 
size, beam current, etc. 

The minimum probe size is limited by the statistics 
of the impurity distribution. The requirement of uni- 
form distribution places a fundamental limit on the 
minimum volume that can be analysed. The condition 
that has to be satisfied (Spence &Tafto,  1983) in 
order that the dynamical wavefunction is well 

sampled in depth is given by 

~ n A  >- 1, 

where n (atoms/unit volume) is the uniformly dis- 
tributed concentration, A is the projected area of the 
electron probe and ~:g is the dynamical extinction 
distance for the reflection g. This condition has been 
satisfied in all the studies discussed in this paper. 

There are innumerable other problems of site-occu- 
pation determinations in materials characterization 
to which the techniques of channelling-enhanced 
microanalysis can be applied. However, each problem 
has to be tackled separately, beginning by classifying 
the crystal structure into one of the two categories 
(layered or non-layered) that have been discussed in 
this work and then proceeding with the appropriate 
analysis (Krishnan, 1984). 

As pointed out earlier, the best resolution in terms 
of detection that can be resolved by these techniques 
is about 1020 atoms cm -3. For many applications, par- 
ticularly in semiconductor materials, it would be 
worthwhile to increase these detectability limits. If 
the limitation is due to a poor signal to background 
ratio then a possible solution (Wittry, 1976) is to 
measure the characteristic X-ray and the transmitted 
electron energy loss (EELS) spectra simultaneously, 
i.e. coincidence counting. However, it has been shown 
recently that better than the state-of-the-art 
instrumentation would be required to apply this coin- 
cidence counting technique for most practical cases 
(Kruit, Shuman & Somlyo, 1984). One could run into 
problems as not all EELS events can give rise to a 
detectable EDX event. If the limitation were to be 
the overall counting time caused by a pile-up of X-ray 
counts from the matrix, it has been suggested (Taft0, 
Spence & Fejes, 1983) that it could be avoided by 
using suitable filters to suppress the matrix X-ray 
counts. 
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Abstract 

There  is a d i s c r e p a n c y  be tween  the ' idea l '  
s t o i ch iome t ry  of  the p h a s e  LaCrS3 and  the  site" con-  
tents  o f  the un i t  cell in its s t ruc ture  (La72Cr60S192 = 
60 Lal.2CrS32).  The  au thor s  who  d e t e r m i n e d  the 

* Previously at the Research School of Chemistry, Australian 
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s t ruc ture  [Ka to ,  K a w a d a  & T a k a h a s h i  (1977). Acta 
Cryst. B33, 3437-3443]  ra t iona l i zed  this  by  in t roduc-  
ing cons ide rab l e  d i so rde r  on  the La sites: of  the 72 
sites, 64 were  occup ied  by  La, 4 by  Cr  a n d  4 were 
unoccup ied .  But  this  h y p o t h e s i s  has  been  que r i ed  
[ Makov i  cky  & H y d e  ( 1981 ). Struct. Bonding (Berlin), 
46, 101-170].  E lec t ron  m i c r o p r o b e  ana lyses  ( E M P A )  
and  dens i ty  m e a s u r e m e n t s  have  been  m a d e  in an  
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